The zero-level centralizer in endomorphism algebras 



Jeno Szigeti and Leon van Wyk 

Abstract. For an endomorphism ip G Endjj(M) of a left R-module rM 
we investigate the structure and the polynomial identities of the zero-level 
centralizer Ceno(</?) and the factor Cen(ip)/Ceno (</?). A double zero-centralizer 
theorem for Ceno(Ceno (</?)) is also formulated. 



1. INTRODUCTION 

If S is a ring (or algebra), then the centralizer Cen(s) — {u £ S \ us — su} of an 
element s £ S is a subring (subalgebra) of S. We have Cen(s) = U c eLCcn(s) ( ^ enc ( s )' 
where Cen c (s) = {u £ S \ us — su — c} is called the c-level centralizer and 
LCen(s) = {c G S Cen c (s) ^ 0} is a subring of Cen(s). The zero- level centralizer 
Ceno(s) = {u G S \ us = su = 0} (or the two-sided annihilator) of s is an 
ideal of Cen(s) and u + Ceno(s) i — > us is a natural Cen(s)/Ceno(s) — > LCen(s) 
isomorphism of the additive Abelian groups. 

The aim of this paper is to investigate the zero- level centralizer Ceno(t^) and 
the factor Cen(y>)/Ceno(y) for an element ip in the endomorphism ring End^(M) 
of a left i?-module rM . Our treatment follows the lines of [DSzW] and is heavily 
based on the results in [Sz] and [DSzW] . Thus we restrict our attention to the case 
of a finitely generated semisimple rM . First we focus on a nilpotent ip and then 
we shall see that for a non-nilpotent tp the study of Ceno(</9) can be reduced to the 
nilpotent case. 

The authors were not able to find related results in the literature, in spite of 
the fact that the objects of our investigations arise very naturally. Surprisingly, 
the dimension formula for the zero-level centralizer of a square matrix has not yet 
appeared in linear algebra books (e.g. [Ga,P,SuTy,TuA]). 

In Section 2 we consider a fixed nilpotent Jordan normal base of rM with re- 
spect to a given nilpotent ip € Endfl(Af) and present all the necessary prerequisites 
from [Sz] and [DSzW]. 

Section 3 is entirely devoted to the nilpotent case. Theorem 3.3 gives a complete 
characterization of Ceno(</?) and Cen(</?)/Ceno(iy5). If the base ring is local, then a 

2010 Mathematics Subject Classification. 15A30, 15A27, 16D60, 16S50, 16U70. 
Key words and phrases, zero-level centralizer of a module endomorphism, nilpotent Jordan 
normal base. 

The authors were supported by the National Research Foundation of South Africa under 
Grant No. UID 72375. Any opinion, findings and conclusions or recommendations expressed in 
this material are those of the authors and therefore the National Research Foundation does not 
accept any liability in regard thereto. 



2 



JENO SZIGETI AND LEON VAN WYK 



more accurate description of these algebras can be found in Theorem 3.4. Using 
3.4 and the identities of certain subalgebras of a full matrix algebra over R/ J, in 
Theorems 3.6 and 3.8 we exhibit explicit polynomial identities for Cen ((f) and 
Cen(<^)/Ceno (y), respectively. 

In Section 4 we deal with the non-nilpotent complete description of 

Ceno(y) (as a particular ideal of an algebra of certain invariant endomorphisms) 
can be found in Theorem 4.1. If A £ M n (K) is an n x n matrix over a field 
K, then the mentioned dimension formula dim^ Cen (A) = [dim^ (ker(A))] 2 is an 
immediate corollary of 4.1. Theorems 4.4 and 4.5 deal with the containment relation 
Ceno(y) C Ceno(cr), where a G End^(M) is an other endomorphism. Since this 
containment is equivalent to a £ Cen (Cen ((p)), 4.4 and 4.5 can be considered as 
double zero-centralizer theorems. 

2. PREREQUISITES 

In order to provide a self-contained treatment, we collect some notations, defini- 
tions and statements from [Sz] and [DSzW]. Let Z(R) and J = J(R) denote the 
centre and the Jacobson radical of a ring R (with identity). Let (z k ) < R[z] de- 
note the ideal generated by z k in the ring R{z\ of polynomials of the commuting 
indeterminate z. 

For an i?-endomorphism ip : M — > M of a (unitary) left i?-modulc rM a subset 

{x 7 , 4 | 7 £ r, 1 < i < fc 7 } C M 

is called a nilpotent Jordan normal base of rM with respect to ip if each R- 

submodulc Rx 7 i < M is simple, © Rx 1 i — M is a direct sum, </?(x 7 j) = 

7 er,i<i<fc^ 

cp( x -y,k y ) — for all 7 G T, 1 < i < fc 7 , and the set {fc 7 | 7 £ T} of integers 
is bounded. Now T is called the set of (Jordan-) blocks and the size of the block 
7 £ T is the integer fc 7 > 1. 

2.1. Theorem. Let ip £ End#(M) be an R- endomorphism of a left R-module rM . 
Then the following are equivalent. 

1. rM is a semisimple left R-module and <p is nilpotent of index n. 

2. There exists a nilpotent Jordan normal base X = {x 7 .i | 7 G T, 1 < i < k~ ( } of 
rM with respect to ip such that n = max{/c 7 | 7 G Y}. 

2. 2. Theorem. Let <p G End^(M) be a nilpotent R- endomorphism of a finitely 
generated semisimple left R-module rM. Lf 

{x 1 . i I 7 G T, 1 < i < fc 7 } and {y S j \ S £ A, 1 < j < l s } 

are nilpotent Jordan normal bases of rM with respect to ip, then T is finite and 
there exists a bijection n : T — > A such that fc 7 = for all 7 G T. Thus the 
sizes of the blocks of a nilpotent Jordan normal base are unique up to a permutation 
of the blocks. We also have ker(<^) = © Rx 7 k and hence dimfl(ker(</?)) = 

If ip £ Endfl(M) is an arbitrary i?-endomorphism of the left i?-module rM, then 
for u G M and f(z) = a\ + a 2 z + • • • + a n+ iz n G R[z] (unusual use of indices!) the 
multiplication 

f(z) *u = am + a 2 p(u) H h a n+ iip n (u) 
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defines a natural left i?[z]-module structure on M. This left action of R[z] on M 
extends the left action of R on rM . For any i?-endomorphism ip G End#(M) with 
■tpoip — ipoipwe have ip(f(z) * u) = f(z) * ip(u) and hence ip : M — > M is an R[z]- 
endomorphism of the left i?[z]-module fl uM. On the other hand, if ip : M — > M 
is an i?[z]-endomorphism of r[ z ]M, then tp(ip(uj) = ip(z * u) = z * ip(u) = ip(ip(u)) 
implies that ip o (p = tp o ip. Now Cen((p) — {ip \ ip G End^(M) and ip ° f — <p ° ip} 
is a Z(i?)-subalgebra of End^(M) and the argument above gives that Cen(i^) = 
End flM (M). 

Henceforth rM is semisimple and we consider a fixed nilpotent Jordan normal base 

X = {x 1 . i | 7 G T, 1 < i < fc 7 } C M 

with respect to a given nilpotent ip G End^(M) of index n — max{/c 7 | 7 G T}. 
The T-copower U 7e r-R[^] is an ideal of the T-direct power ring (i?[z]) r comprising 
all elements f = (/ 7 (z)) 7e r with a finite set {7 G T | f 7 (z) ^ 0} of non-zero 
coordinates. The copower (power) has a natural (R[z], i?[,z])-bimodule structure. 
For an element f = (/ 7 (z)) 7G r with .f 7 (z) = a 7; i + a^^z + • • • + a~ l ^ + iZ n -< the 
formula 

*( f ) = a -y,i x 7,i = ^2\ a 7 , 4 ^~ 1 (x 7i i) = ^/ 7 (z) *x 7 ,i 

7er,i<i<fe 7 7er \i<i<fe T J 7er 

defines a function $ : H 7e r-R[2] — >• M. 

2. 3. Lemma. The function $ is a surjective left R[z]-homomorphism. We have 
9?(<j>(f)) = <f>(zf) for all f G H 7e r-R[z] and the kernel 

II J[*] + (a^)Cker(*)<, U R[z] 
7er 7 er 

is a left ideal of the power (and hence of the copower) ring. If R is a local ring 
( R/ J is a division ring), then II 7g r(J[z] + {z ~>)) = ker($). 

From now onward we also require that rM be finitely generated, m = dinifl(ker(<p)), 
r = {1,2,..., m} and we assume that fci > fc 2 > . . . > k m > 1 for the block sizes. 
Now II 7e r-R[z] = (-R[^]) r an d an element f = (/ 7 (^)) 7 er of (i?[z]) r is a 1 x m 
matrix (row vector) over R[z]. For an m x m matrix P = [p<5, 7 (z)] in M m (i?[z]) the 
matrix product 

fP =£>(*)p« 

<5er 

of f and P is a 1 x m matrix over (i?[z]) r , where ps = (P8,-y( z ))jer is the 5-th row 
vector of P and 

(fP) 7 = YMz)P6,j(z)- 

Consider the following subsets of M m (i?[,z]). 

M(X) = {P G M m (R[z}) I fP G kcr($) for all f G kcr($)}, 

1(X) = {P G M m (R[z}) I P = \p 5 ,j(z)] and p s „(z) G J[z\+{z k -) for all 5 n G T} = 
"J[z] + (z fel ) J[z} + (z k2 ) ••• J[z] + (z k ™)~ 
J[z] + (z fel ) J[z] + (z fe2 ) ••• J[z] + (z k ™) 

_J[z] + (z fel ) J[z] + (z k2 ) ••• J[z] + (z k ™) _ 
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Af{X) = {P eM m (R[z])\P=[p 5 ,~ f (z)} and z> 5 , 7 (z) G J[z] + (z k '>) for all <5, 7 er}. 
Note that I{X) andA/"(AT) are ( i?[z], i?[z])-sub-bimodules of M m (ii[z]) in a natural 



way. For 5, 7 G T let kg.. 



ks when 1 < kg < k y < n and kg 7 = otherwise. 



It can be verified that the condition z k5 p$ n (z) G J[z] + (z*^) in the definition of 
N(X) is equivalent to pa, 7 (z) g J[z] + (z fca - T ) and so 

i?[z] R[z] R[z] ••• i?[z] 

J[z] + (z fe i-^) R [ z \ R \ z \ ... Tjj^j 

J[z] + (z fcl " fe3 ) J[z] + (z fe2 " fe3 ) i?[z] ••• R[z] 



N{X) = 



_ J[z] + (z kl - k ™) J[z] + (z k2 - k ™) J[z] + {z k3 ~ k ™) 



R[z 



2. 4. Lemma. 1(X) < t M m (R[z]) is a left ideal, Af(X) C M m (R[z]) is a subring, 
1{X) < N{X) is an ideal and M.{X) is a Z{R)-subalgebra of M m (i?[z]). The ideal 
zM m (R[z]) < M m (R[z]) is nilpotent modulo 1(X) with (zM m (R[z])) n C 1{X). If 
R is a local ring, then N(X) = M(X). 

2. 5. Theorem. Let ip g Endft(Af) oe a nilpotent R-endomorphism of a finitely 
generated semisimple left R-module rM. For P g A4(X) and f = (/ 7 (z)) 7£ r in 
(i?[z]) r the formula 

iM*(f)) = *(fP) 

properly defines an R-endomorphism ipp-.M—tM of rM such that ippoip = ipoipp 
and the assignment A(P) = V^P .9«fes an A^X) ? — > Cen(y) homomorphism of 
Z{R)- algebras. If tp o ip — ip o ip holds for some ip g End^(M), £/ien £/iere exists 
an mxm matrix P G A4(X) suc/i £/iat ^>($(f)) = <I>(fP) for all f = (/ 7 (z)) 7£ r in 
(R[z]) r . Thus A : M(X)°p — > Cen(» is surjectwe. 

2. 6. Lemma. T(X) C kcr(A) (A is defined in Theorem 2.5). If R is a local ring 
then T{X) = kcr(A). 

3. THE ZERO-LEVEL CENTRALIZER OF A NILPOTENT ENDOMORPHISM 

We keep all settings from Section 2 and define the subsets of M m (i?[z]) as follows: 
M (X) = {P G M(X) I zfP G kcr($) for all f g {R[z]f}, 

Af (X) = {P G M m (R[z]) |P = \p5, 7 (z)} and p s . 1 {z)e J[z] + (z k '<^ 1 ) for all <5, 7 g T}. 
Since P5, 7 (z) G J[z] + (z*-' -1 ) and zpa i7 (z) G J[z] + {z k ~<) are equivalent, we have 

J[z] + (z^- 1 ) J[z] + (z^- 1 ) ••• J[z] + (z*"*" 1 ) 
J[z] + (z^- 1 ) J[z] + (z^- 1 ) ••• J[z] + (z*"*" 1 ) 



J[z] + (z^- 1 ) J[z] + (z^- 1 ) 



J[z] + (z^ 1 ) _ 



3.1. Lemma. C Af {X), (zM m (i?[z])) n_1 C# (I), 7V (X) < ; M m (R[z}) is 

a left ideal andJVo (X) < N{X) is an ideal. IfR is a local ring, thenN® (X) = Mo(X). 

Proof. The containment T(X) C A/" (X) obviously holds and (zM m (i?[z]))™ _1 C 
Nq(X) is a consequence of (z™ _1 ) C (z*^ -1 ). Since the 7-th column of the matrices 
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in Afo(X) comes from a (left) ideal J[z] + (z k ~'^ 1 ) of R\z\, we can see that Afo(X) 
is a left ideal of M m (R[z]). 

If P G A/o(X) and Q G M{X), then we have ;zp«5,r(z) G J[z] + {z kr ) and g r , 7 (z) G 
J[z] + [z kT '~i). Since fc r + fc Ti7 > /c 7 , it follows that zp$ iT (z)q T ^{z) G J[z] + (z k ~<). 
Thus PQ G A/" (X) and Af (X) is an ideal of Af{X). 

If i? is a local ring, then Lemma 2.3 gives that ker($) = LLygr^lX] + (z *>)). Let 
Is denote the vector with 1 in its 5-coordinate and zeros in all other places. If 
P G Mo(X), then zl^P G ker(<I>) implies that zps.j(z) G J[z] + (z k i), whence 
P G Af (X) follows. If P G Af {X) and f = (/ 7 («)) 7 gr is in {R[z}) r , then zp s „(z) G 
J[z] + (z k -<) implies that zf s (z)p s ^(z) G J[z] + (z k -<) for all 5 G Y. Thus zfP G ker(<I>) 
and P G M (X) follows. □ 

3. 2. Lemma. ker(A) QMv(X) andforP<E M(X) the containmentsP eMo(X) and 
A(P) G Cen (<p) are equivalent. The preimage M$ (X) = A - 1 (Cen (</?))< M (X) is anideal. 

Proof. The proof is based on the use of Lemma 2.3 and Theorem 2.5. 
If P G kcr(A), then A(P) = ip P = gives that <I>(fP) = ^p($(f)) = for all 
f G (R[z]) r . Since $ : U. (er R[z] -> M is a left i?[z]-homomorphism, $(zfP) = 
z * $(fP) = implies that zfP G kcr(<i>). In view of kcr(A) C M(X), we deduce 
that P G Mq(X). 

If P G M (X), then A(P) = Vp and ^ P ($(f))) = <^($(fP)) = $(zfP) = for 
all f G (i?[z]) r . Thus ^pp o (p — if otpp — and hence V'p G Cen (</?). 
If A(P) = ^p is in Ceno((p), then <p o = and 

$(*fP) = vj(*(fP)) = <^(Vp($(f))) = o 

for all f G (i?[z]) r . It follows that P G M (X). 

Obviously, the preimage of the ideal Cen (^) O Cen(ip) is also an ideal. □ 

3. 3. Theorem. Let ip G End^(M) be a nilpotent R-endomorphism of a finitely gen- 
erated semisimple left R-module rM. The map A : M(X) op — > Ccn(ip) induces 
the following Z{R)- isomorphisms for the factor algebras: 

AVAT P /kcr(A) = Ceno((^) and M(X) op /M (X) S Cen(^)/Cen (^). 

Proof. We have ker(A \ M (X)) = ker(A) and M (X) = A' 1 (Cen (tp)) by 
Lemma 3.2. Thus Theorem 2.5 ensures that the restricted map A \ A4q(X) 
is a surjective Mo{X) op — > Ccn (</?) homomorphism of Z(i?)-algebras, whence 
M (A:)° p /kcr(A) = Ccno(^) follows. 
In view of Lemma 3.2, the assignment 

P + M (X) .— > A(P) + Cen ((^) 

is well-defined and gives an injective M(X) op / Mo(X) — > Cen(<p)/Cen (<p) homo- 
morphism of Z(i?)-algcbras. The surjectivity of this homomorphism is a conse- 
quence of the surjectivity of A (see Theorem 2.5). □ 

3. 4. Theorem. Let p G End^(M) be a nilpotent R-endomorphism of a finitely 
generated semisimple left R-module rM. Lf R is a local ring, then the zero-level 
centralizer Ceno(y) of ip is isomorphic to the opposite of the factor Nq{X) /T{X) 
as a Z(R)- algebra: 

CenoM - (M (X)/l(X)) op = Af (X)° p /1(X). 
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We also have an isomorphism 

Cen(^)/CcnoM £* (M(X)/M (X)) op = M{X)°v/M {X) 
of the factor Z(R)- algebras. 

Proof. Directly follows from Lemmas 2.4, 2.6, 3.1 and Theorem 3.3. □ 

Define a left ideal of M m (R/J) as follows: 

W{X) = {W = [w Sn ] | w Sn £ R/J and w Sn = if fc 7 > 2}. 
The assumption k\ > k2 > ■ • ■ > k m > 1 ensures that 

••• R/J ■■■ R/J 
'•• R/J ■■■ R/J 



W(X) = 



R/J ■■■ R/J 







R/J 



R/J _ 



3. 5. Lemma. (Af Q (X) n zM m (R[z})) +I(X) < Mq{X) is an ideal and there is a 
natural ring isomorphism 

Afo(X)/((Af (X)nzM m (R[z})) +X{X)) = W(X) 

which is an (R, R)-bimodule isomorphism at the same time. 

Proof. If P = [p$ n (z)\ is in Af (X) and Ps,-y(z) has constant term u$ n £ R 1 then 

psM z ) - "5,7 e ( J{z] + (z^- 1 )) n [zR[z]) 

and fc 7 > 2 implies that us^ £ J. Thus [us^] £ M m (R) nA/o(l) and 

P + ((Afo(X) n zM m (R[z]))+l(X)) = [u StJ ] + ((Afo(X) n zM m (R[z])) + 1(X)) 
holds in Af (X)/((Af (X) n zM m (R[z]))+l(X)). The assignment 

P + ((Afo(X) n zM m (R[z})) +1(X)) .— > [« 4i7 + J] 
is well-defined and gives an 

U (X)/((Af (X) DzM m (R{z})) +I(X)) — >■ W(X) 
isomorphism. □ 

3. 6. Theorem. Let R be a local ring and (p £ End^(M) be anilpotentR-endomorphism 
of a finitely generated semisimple left R-module rM. Iffi(x\,. . ., x r ) £ Z(R)(x\,. . ., x r ), 
l<i<n and fi—0 are polynomial identities of the right ideal W{X) of M^(R/ J), 
then /i/ 2 •••/« = is an identity of Ceno(<^). 

Proof. Theorem 3.4 ensures that Cen (^) = Af (X) op /1(X) as Z(i?)-algebras, 
hence 

Q = ((M>(*) n zM m {R[z]))+l(X)) /X(X) < Af (X)/l{X) 
can be viewed as an ideal of Cen (^). The use of Lemma 3.5 gives 
Cen (^)/Q = (A/'o(X) 7Z(X))/Q^A/'o(X^ 
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It follows that fi = is an identity of Ceno(tp)/Q. Thus fi(vi,...,v r ) £ Q for all 
vi,...,v r £ Ceno((/j), and so 

fi(vi, . . . ,v r )f 2 {vi, . . . ,v r ) ■ ■ ■ f n (V!, . . . ,v r ) £ Q". 

Since (zM m (R[z])) n C X(X) (see Lemma 2.4) implies that Q n = {0}, the proof is 
complete. □ 

The assumption k\ > k 2 > . . . > k m > 1 ensures that 

U {X) = {U £ M m (R/J) | U = [u Sn ] and u Srf = if 1 < k s < fc 7 or fc 7 = 1}. 

is a block upper triangular subalgebra of M m (R/J). If [u$, 7 ] G %(^Q an d u s,j ^ 
for some 5,7 G T, then 2 < k 7 < k$. Results about the polynomial identities of 
block upper triangular matrix algebras can be found in [GiZ]. 

3. 7. Lemma. There is a natural ring isomorphism 

Af(X)/((Af(X)nzM m (R[z]))+^ (X))=Uo(X) 
which is an (R, R)-bimodule isomorphism at the same time. 

Proof. For a matrix P = [pi, 7 (-z)] in Af(X) consider the assignment 

P + ((A/pO n zM m (R[z])) + TVopO) .— > K, 7 + J], 

where ug tl £ R is defined as follows: ug n = if fc 7 = 1 and ug n is the constant 
term of ps n (z) if k~ ( > 2. Clearly [u s ,~ ( ] £ M m (R) nAf{X) and 

P + ((Af(X) n zM m (R[z})) + Afo(X)) = K 7 ] + ((Af(X) n zM m (i?[z])) + ATo(X)). 

In view of the definitions of Mo(X) and Uo{X), the above equality ensures that our 
assignment is a well-defined 

N{X)/{{M(X) n zM m {R[z]))+Af (X)) — > W (X) 

map providing the required isomomorphism. □ 

3. 8. Theorem. Let R be a local ring and ip £ End/j(M) be anilpotent R-endomorphism 
of a finitely generated semisimple leftR-module rM. Iffi(x\,. . ., x r )£Z(R)(xi,. . ., x r ), 
l<i<n— 1 and /j = are polynomial identities of the Z{R)- subalgebra Uq{X) of 
M^P(i?/J), then f\f 2 ■ ■ ■ f n -i — is an identity of the factor Cen(<^)/Ceno (<£>). 

Proof. Theorem 3.4 ensures that Ccn(^)/Ccn (^) = Af(X) op /Af (X) as Z(R)- 
algebras, hence 

L = {(M(X) n zM m (R[z})) + Mo(X)) /Af {X) < M{X)/M {X) 
can be viewed as an ideal of Cen((/?)/Cen (v?)- The use of Lemma 3.7 gives 
(Cen(^)/Cen M)/L = {M{X)^/M {X))/L - 

£* M{Xf»l((M(X) n zM m (R[z]))+Af (X)) £* W (*) op . 
It follows that /j = is an identity of (Cen(</?)/Ceno (</?))/£. Thus fi(v\, . . . , ly) G 
L for all . . . , v r £ Cen((/?)/Ceno (</?), and so 

. . . , V r )f 2 (vi, . . . , V r ) ■ ■ ■ f n -l(vi, ■ ■ ■ , V r ) £ L n ~ X . 

Since (zM m (i?[z]))™ _1 C Af (X) (see Lemma 3.1) implies that i™" 1 = {0}, the 
proof is complete. □ 
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4. THE ZERO-LEVEL CENTRALIZER OF AN ARBITRARY ENDOMORPHISM 

4.1. Theorem. Let ip G End^(M) be an R-endomorphism of a finitely generated 
semisimple left R-module rM . Then there exist R-submodules W\, W 2 and V of 
M such that W — W\ © W 2 and M = V ®W are direct products, kev(ip) C W, 
<p(W) = W 2 , <p(V) = V, dim Ji (Wi) = dim R (kcr(ip)), {ip \ W) G End R (W) is 
nilpotent and for the zero-level centralizer of <p we have Cen ((p) = T, where 

T={9e End fl (W) I 0(Wi) C kcr(^) and 9(W 2 ) = {0}} = Ccn (<^ \ W) 

is a left ideal of 

End* R (W) = {a G End R (W) | a(ker(<^)) C ker(<^)} 
and a right ideal of 

End£(W) = {ae End R (W) \ a(Wi + ker(p)) C W x + ker(p) anda(VF 2 ) C W 2 }. 

Proof. The Fitting Lemma ensures the existence of an integer t > 1 such that 
im((p*) © ker(<^*) = M is a direct sum, where the (left) i?-submodulcs 

V = im(p*) = im(^ i+1 ) = • • • and W = ker(^) = kcr(</ +1 ) 

of R M are uniquely determined by <p. Clearly, <p(V) — V and <p(W) C IF and the 
restricted map (<£ f IF) G End^(IF) is nilpotent of index q > 1, where ker(t/? 9 ^ 1 ) ^ 
ker(y> 9 ) = W. Since ^IF is also finitely generated and semisimple, Theorem 2.1 
provides a nilpotent Jordan normal base X = {x 1 .i | 7 G T, 1 < i < fc 7 } of rW 
with respect to <p \ W (we have x<y.k y +i = and q = max{fc 7 | 7 G T}). Now 
PFl © IF 2 = W is a direct sum, where 

Wi = © Rx-y.i and IF 2 = Rx 7 , i+1 . 
7er ' 7er,i<i<fe T 

Now we have ker(y>) C ker(<^*) = FF and ker(<^) = ker(ip \ W) = © Rx^^-, by 

Theorem 2.2. It follows that 

dimfl(Wi) = |L| = dim K (kcr(^)). 

The definition of the nilpotent Jordan normal base ensures that (p(W) = W 2 . 
If 6 G T, then 

0(ker(p)) C 6>(VFi © W 2 ) = 0(Wi) + 9(W 2 ) C ker(p) 

implies that T is a left ideal of End^(FF) and a right ideal of End* R *(W). Clearly, 
T = Cen (< / 3 f W) is a consequence of <p(W) — W 2 and the fact that 9(W) C ker(tp) 
for all 6» G T. 

If a G Ccn (</?), then a o <p = implies that a(V) = {0} and a(x 7 , i+ i) = 
a((p(x lt i)) — for 1 < i < fc 7 — 1. We also have ^oa = 0, whence (p(a(x 7 .i)) = 
and a(a; 7j i) G kei(ip) follow. Thus a(W 2 ) — {0}, a(Wi) C ker(<p) and the assign- 
ment a 1 — > a \ W obviously defines a Ceno(<^) — > T ring homomorphism. 
If a, /3 G Cen (</?) and a \ W = <3 \ W, then a(V) = (3{V) = {0} and V © W = M 
ensure that a = (3 proving the injectivity of the above map. 

If 9 G T and nw ■ V © W — > W is the natural projection, then 9 o ww G Cen (<p). 
Indeed, ip o 9 o 7rvi/ = is a consequence of 6*(T / F) C kei(p) and 6* o 7Tvk ¥> = 
is a consequence of <^(W) = W2 and ^(W^) = {0}. Hence the surjectivity of our 
assignment follows from 9 o tt w \ W = 9. □ 
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4. 2. Corollary. Let A G M n (K) be an n x n matrix over a field K , then the 
K -dimension of the zero-level centralizer of A in M n (K) is 

dim K Ccn (A) = [dim K (kcr(^))] 2 . 

Proof. Now A G End K (K n ) and Theorem 4.1 ensures that Cen (A) = T, where 

T={6e End K (W0 | 6{Wi) C kcr(A) and 9(W 2 ) = {0}}. 

Our claim follows from the observation that the elements of T and Homjf (Wi , ker( A) ) 
can be naturally identified and dimif (IFi) = diniif (ker(^l)). □ 

Remark. Theorem 4.1 shows that the determination of the zero- level centralizer 
can be reduced to the nilpotent case. This reduction depends on the use of the 
Fitting Lemma. 

4. 3. Lemma. Let ip, a G End^(M) be R-endomorphisms of a finitely generated 
semisimple left R-module rM . Lf Cen (< / 3) C Ccn (a), then key(ip) C ker(a-) and 
im(cr) C im(t^). 

Proof. We use the proof of Theorem 4.1. If 7 G T and 7r 7 G End/j(M) denotes the 
natural 

M = V®W = V®[ Rx s ,i ) — ► Rx 7 , ky 
\8er,i<i<k s J 

projection, then n 7 o ip k T~ 1 g Ceno(</?). It follows that 7r 7 o <p k ~t~ x G Ceno(cr), 
whence we obtain that 7r 7 o tp^^ 1 o a = a o 7r 7 o (p k ~^ 1 = 0. Since cr(x lt k^) = 
a(n 7 (ip k ' 1 ~ 1 (xj ! k 1 ))) = 0, we have x 1 ^ G ker(cr) for all 7 G T. Thus 

ker(^) = ker((p \ W) = 8 Rx 7 u C ker(cr). 

7er 

The containment im((j) C ker(7r 7 o (p k -'~ 1 ) is a consequence of 7r 7 o {p k ~<~ Y o a = 0, 
whence we obtain that im(cr) C n 7e rker(7r 7 o ip^^ 1 ). It is straightforward to see 
that ker(7r 7 o ip^- 1 ) = V 1^(7) and 

fl (V (B W(7)) - V © W 2 = p(V) + p(W) = p(V ®W) = ]m(<p), 

where 

W(7) = © R*s,- □ 

<5er,l<J<fea,(<5 : i)#(7,l) 

4. 4. Theorem. Let ip, a G End_ft(M) &e R-endomorphisms of a finitely generated 
semisimple left R-module rM , then the following are equivalent: 

1. Ceno(</?) C Ceno (<r), 

2. ker(y>) C ker(<r) and im(cr) C im(</?). 

Proof. In view of Lemma 4.3, it is enough to prove (2) (1). For an endomor- 
phism t G Ceno(</2) we have Toip = ipor = Q, whence im(cr) C im(</?) C ker(r) 
and im(r) C ker(<£>) C kcr(cr) follow. Thus we obtain that ro(T = (ror = 0. In 
consequence we have r G Cen ((r) and Cen (<p) C Cen ((r) follows. □ 

For a matrix A G M n (K) let ^4 T denote the transpose of A. 
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4. 5. Theorem. If A,B G M n (K) are n x n matrices over a field K, then the 
following are equivalent: 

1. Cen (A) Q Ccn (B) 7 

2. kei(A) C ker(B) and ker(A T ) C ker(B T ) 7 

3. im(S) C hn(A) and im(B T ) C im(A T ). 

Proof. (1) (2)&(3): For a matrix C G Ccn (A T ) we have CL4 T = A T C = 
and C T G Cen (A) is a consequence of 

AC T = (A T ) T C T = (CA T ) T = = (A T C) T = C T (A T ) T = C T A. 

Thus C T G Ccno(-B) and a similar argument gives that C = (C T ) T G Cen (-B T ). 
It follows that Ceno(j4 T ) C Ccno(-B T ). The application of Lemma 4.3 for the 
matrices A, B, A T ,B T G End^(^") gives kcr(A) C ker(B), im(B) C \m(A) and 
ker(A T ) C ker(B T ), im(B T ) C im(A T ). 

(2) ==> (1): For a matrix C G Ceno(j4) the containment im(C) C ker(A) is a 
consequence of AC = and im(C T ) C ker(A T ) is a consequence of A T C T — 
(CA) T = 0. Now im(C) C kcr(B) implies that BC = and im(C T ) C kcr(B T ) 
implies that CB = {B T C T ) T = 0. Thus C G Ccn (B) and Ccn (A) C Cen (B) 
follows. 

(3) => (1): For a matrix C G Ccno(A) the containment im(^4) C ker(C) is a 
consequence of CA = and im(A T ) C kcr(C T ) is a consequence of C T A T = 
(AC) T = 0. Now tm(B) C ker(C) implies that CB = and im(B T ) C kcr(C T ) 
implies that _BC = (C T _B T ) T = 0. Thus C G Ccn (B) and Ccn (A) C Ccn (B) 
follows. □ 

ACKNOWLEDGMENT: The authors wish to thank P.N. Anh and L. Marki for 
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The zero-level centralizer in endomorphism algebras 



Jeno Szigeti and Leon van Wyk 

Abstract. For an endomorphism ip G Endjj(M) of a left R-module rM 
we investigate the structure and the polynomial identities of the zero-level 
centralizer Ceno(</?) and the factor Cen(ip)/Ceno (</?). A double zero-centralizer 
theorem for Ceno(Ceno (</?)) is also formulated. 



1. INTRODUCTION 

If S is a ring (or algebra), then the centralizer Cen(s) — {u £ S \ us — su} of an 
element s £ S is a subring (subalgebra) of S. We have Cen(s) = U c eLCcn(s) ( ^ enc ( s )' 
where Cen c (s) = {u £ S \ us — su — c} is called the c-level centralizer and 
LCen(s) = {c G S Cen c (s) ^ 0} is a subring of Cen(s). The zero- level centralizer 
Ceno(s) = {u G S \ us = su = 0} (or the two-sided annihilator) of s is an 
ideal of Cen(s) and u + Ceno(s) i — > us is a natural Cen(s)/Ceno(s) — > LCen(s) 
isomorphism of the additive Abelian groups. 

The aim of this paper is to investigate the zero- level centralizer Ceno(t^) and 
the factor Cen(y>)/Ceno(y) for an element ip in the endomorphism ring End^(M) 
of a left i?-module rM . Our treatment follows the lines of [DSzW] and is heavily 
based on the results in [Sz] and [DSzW] . Thus we restrict our attention to the case 
of a finitely generated semisimple rM . First we focus on a nilpotent ip and then 
we shall see that for a non-nilpotent tp the study of Ceno(</9) can be reduced to the 
nilpotent case. 

The authors were not able to find related results in the literature, in spite of 
the fact that the objects of our investigations arise very naturally. Surprisingly, 
the dimension formula for the zero-level centralizer of a square matrix has not yet 
appeared in linear algebra books (e.g. [Ga,P,SuTy,TuA]). 

In Section 2 we consider a fixed nilpotent Jordan normal base of rM with re- 
spect to a given nilpotent ip € Endfl(Af) and present all the necessary prerequisites 
from [Sz] and [DSzW]. 

Section 3 is entirely devoted to the nilpotent case. Theorem 3.3 gives a complete 
characterization of Ceno(</?) and Cen(</?)/Ceno(iy5). If the base ring is local, then a 
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more accurate description of these algebras can be found in Theorem 3.4. Using 
3.4 and the identities of certain subalgebras of a full matrix algebra over R/ J, in 
Theorems 3.6 and 3.8 we exhibit explicit polynomial identities for Cen ((p) and 
Cen(<^)/Ceno (y), respectively. 

In Section 4 we deal with the non-nilpotent complete description of 

Ceno(y) (as a particular ideal of an algebra of certain invariant endomorphisms) 
can be found in Theorem 4.1. If A, B G M n (K) are nx n matrices over a field 
K, then the mentioned dimension formula is dim^ Cen (A) = [dinift-(ker(yl))] 2 and 
Theorem 4.4 deals with the containment relation Ceno(A) C Ceno(-B). Since this 
containment is equivalent to B £ Ccno(Ceno(A)), our result can be considered as 
a double zero-centralizer theorem. 

2. PREREQUISITES 

In order to provide a self-contained treatment, we collect some notations, defini- 
tions and statements from [Sz] and [DSzW]. Let Z{R) and J = J(R) denote the 
centre and the Jacobson radical of a ring R (with identity). Let (z k ) < R[z] de- 
note the ideal generated by z k in the ring R[z] of polynomials of the commuting 
indeterminate z. 

For an i?-cndomorphism ip : M — > M of a (unitary) left i?-module rM a subset 

{x 7i4 | 7 £ T, 1 < i < fc 7 } C M 

is called a nilpotent Jordan normal base of rM with respect to <p if each R- 

submodule Rx-y i < M is simple, © i?x 7 j = M is a direct sum, <p(x~ A = 

7er,i<i<fc., 

£ 7l i+i, <p(x 7j ^) = for all 7 £ F, 1 < i < fc 7 , and the set {fc 7 | 7 £ F} of integers 
is bounded. Now T is called the set of (Jordan-) blocks and the size of the block 
7 £ T is the integer fc 7 > 1. 

2.1. Theorem. Let ip £ Endfl(M) be an R-endomorphism of a left R-module rM . 
Then the following are equivalent. 

1. rM is a semisimple left R-module and ip is nilpotent of index n. 

2. There exists a nilpotent Jordan normal base X = {x 7j i | 7 G F, 1 < i < fc 7 } of 
rM with respect to ip such that n — max{fc 7 | 7 £ T}. 

2. 2. Theorem. Let <p £ End^(M) be a nilpotent R-endomorphism of a finitely 
generated semisimple left R-module rM . If 

{x 7j i I 7 £ T, 1 < i < fc 7 } and {ysj \ S £ A, 1 < j < Is} 

are nilpotent Jordan normal bases of rM with respect to ip, then F is finite and 
there exists a bijection n : T — > A such that fc 7 = I w m for all 7 £ T. Thus the 
sizes of the blocks of a nilpotent Jordan normal base are unique up to a permutation 
of the blocks. We also have ker((p) = i?x 7 u and hence dim#(ker(c/3)) = |T|. 

If ip 6 End^(M) is an arbitrary i?-endomorphism of the left i?-module rM, then 
for u G M and f(z) = a\ + a 2 z + • • • + a n+ iz n G R[z] (unusual use of indices!) the 
multiplication 

f(z) * u = a\u + a 2 (p(u) H h a n+ i(p n (u) 

defines a natural left i?[z]-module structure on M. This left action of R[z] on M 
extends the left action of R on rM. For any i?-endomorphism ip G EndR(M) with 
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ipo(p = (poipwe have ip(f(z) * u) = f(z) * tp(u) and hence ip : M — > M is an R[z\- 
cndomorphism of the left i?[z]-module r\ z ]M. On the other hand, if ip : M — > M 
is an i?[z]-cndomorphism of m z ]M, then ip(ip(u)) = ip(z * u) = z * ip(u) = ip(ip(u)) 
implies that ip o ip = ip o ip. Now Cen(^s) = {ip \ ip G Endi?(M) and ip o ip — ip o ip} 
is a Z(i?)-subalgebra of End_R(M) and the argument above gives that Cen(i^) = 
End flM (M). 

Henceforth #M is semisimple and we consider a fixed nilpotent Jordan normal base 

x = {x 7il 7 e r, i < i < fc 7 } c m 

with respect to a given nilpotent ip G Endij(M) of index n = max{/c 7 | 7 G T}. 
The T-copower II 7e r-R[z] is an ideal of the T-direct power ring (i?[z]) r comprising 
all elements f = (/ 7 (^)) 7£ r with a finite set {7 G T \ f 7 (z) ^ 0} of non-zero 
coordinates. The copower (power) has a natural (R[z], i?[z])-bimodule structure. 
For an element f = (/ 7 (^)) 7 er with f 7 (z) = a 7> i + a^.^z + • • • + a 1:n „ i+ iz n ~' the 
formula 

$(f) = a i^ x i,i = a f^ l ~ 1 ( x fA)\ = ^2fi( z )* x i,i 

7 er4<i<fc 7 7er \i<i<fe T J 7er 

defines a function $ : U ie rR[z] — > M. 

2. 3. Lemma. The function $ is a surjective left R[z]-homomorphism. We have 
<p($(f)) = <&(zf) for all f G II 7e r-R[z] and the kernel 

II J[z] + {z k -) Gker($) < z ft R[z] 

is a left ideal of the power (and hence of the copower) ring. If R is a local ring 
( R/ J is a division ring), then II 7C r(</[2 : ] + {z k ~')) = ker($). 

From now onward we also require that rM be finitely generated, m = dim_R(ker (ip)), 
T = {1,2,..., m} and we assume that k\ > k 2 > . . . > k m > 1 for the block sizes. 
Now II 7e r-R[z] = (i?[z]) r and an element f = (.f 7 (z)) 7e r of (i?[z]) r is a 1 x in 
matrix (row vector) over R[z]. For an m x m matrix P = [p<5, 7 (2:)] in M m (i?[2]) the 
matrix product 

fP =J2fs(z) Ps 
<5er 

of f and P is a 1 x m matrix over (i?[z]) r , where ps = (ps,-y(z)) ie r is the S-th row 
vector of P and 

(fp) 7 = 5>(*K 7 (*)- 

Consider the following subsets of M m (R[z]). 

M(X) = {P G M m (R[z}) I fP G kcr($) for all f G kcr($)}, 

1(X) = {P G M m (R[z]) I P = ]ps„(z)] and p s „(z) G J[z]+(z k ") for all 5,jeT} — 

" J[z] + (z fel ) J[z] + (z k *) ••• J[z] + (z k ™)~ 
J[z] + (z fel ) J[z] + fe2 ) ••• J[z] + {z k ™) 

_J[z] + (z fel ) J[z] + (z k *) ••• J[z] + (z k ™) _ 
N{X) = {P GM m {R[z}) I P = [ Ps .. ( {z)\ and z k «p s , ( (z) G J[z] + (z k - ) for all 5, 7 G T}. 



4 



JENO SZIGETI AND LEON VAN WYK 



Note that T(X) and M(X) are (R[z], i?[z] )-sub-bimodulcs of M m (R[z]) in a natural 



way. For S, 7 G T let fca,-, 



/ca when 1 < ks < kj < n and ks 7 = otherwise. 



It can be verified that the condition z ks ps 1 (z) G J[z] + (z 1) in the definition of 
N(X) is equivalent to p,5, 7 (z) G J[z] + (z fea ' T ) and so 



M(X) = 



R[z] 
J[z] + (z^ 2 ) 
J[z] + (z kl - k3 ) 



R[z] 
R[z] 
J[z] + (z k2 - k3 ) 



R[z] 
R[z] 
R[z] 



J[ Z ] + {z kl - k ™) J[ Z ] + (z k *- k ™) J[ Z ] + (z**-km) 



R[z] 
R[z] 
R[z] 

R[z] 



2. 4. Lemma. I{X) <\i M m (i?[z]) is a left ideal, M{X) C M m (i?[z]) is a subring, 
T(X) < N{X) is an ideal and Ai(X) is a Z(R)-subalgebra of M m (R[z]). The ideal 
zM m (R[z}) < M m (R[z]) is nilpotent modulo 1{X) with (zM m (R[z])) n C 1(X). If 
R is a local ring, then Af(X) = M(X). 

2. 5. Theorem. Let ip G End^(M) be a nilpotent R-endomorphism of a finitely 
generated semisimple left R-module rM. For P G M(X) and f = (/ 7 (z)) 7£ r in 
(i?[z]) r the formula 

lM*(f)) = *(fP) 

properly defines an R-endomorphism ipp-.M—^M of rM such that ippoip = ipoipp 
and the assignment A(P) = ipp gives an A4(X) op — > Cen(tp) homomorphism of 
Z{R)- algebras. If ip o ip = ip o tjj holds for some tjj G End^(M), then there exists 
an mxm matrix P G M{X) such that ^>($(f)) = <I>(fP) for all f = (/ 7 (z)) 7e r in 
(R[z]) r . Thus A : M{X)°p — > Ccn(» is surjective. 

2. 6. Lemma. 1(X) C kcr(A) (A is defined in Theorem 2.5). If R is a local ring 
then X{X) = kcr(A). 

3. THE ZERO-LEVEL CENTRALIZER OF A NILPOTENT ENDOMORPHISM 

We keep all settings from Section 2 and define the subsets of M m (R[z]) as follows: 

M (X) = {P G M(X) I ziP G kcr($) for all f G (R[z]) r }, 

Af (X) = {P G M m {R[z])\P = \p 5 ,j{z)] and p^ 7 (z)G J[z] + (z k ' y ~ 1 ) for all 5, 7 G T}. 
Since ps n (z) G J[z] + (z*^ -1 ) and zps tl (z) G J[z] + (z k ~<) are equivalent, we have 

J[z] + (z^- 1 ) J[z] + (z^- 1 ) ••• J^ + iz^- 1 ) 
J[z] + (z^- 1 ) J[z] + (z^- 1 ) ••• J[z] + (z^- 1 ) 



M>(X) 



J[z] + (z^- 1 ) J[z] + (z^- 1 ) 



J[z] + (z^- 1 ) 



3.1.Lemma. 1{X) CJV {X), (zM m (R[z])) n ~ 1 C A/" (X) ; A/"o(AT) <; M m (i?[z]) is 
a Ze/t idea/ andMo {X) < N{X) is an ideal. IfR is a local ring, thenAfo (X) = A4o(X). 

Proof. The containment 1(X) C J\f (X) obviously holds and (z;M m (i?[z]))™~ 1 C 
Afo(X) is a consequence of (z™ _1 ) C (z*^ -1 ). Since the 7-th column of the matrices 
in Afo(X) comes from a (left) ideal J[z] + (z*^ -1 ) of R[z], we can see that Afo(X) 
is a left ideal of M m (R[z]). 
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If P G Afo(X) and Q 6 Af(X), then we have zpg >T (z) G J[z] + (z K ) and q T ,-y(z) G 
J[z] + (z kT --<). Since fc T + fc T , 7 > fc 7 , it follows that zpg tT {z)q Til {z) G J[z] + (z k '<). 
Thus PQ G A/" (X) and Af (X) is an ideal ofAf(X). 

If i? is a local ring, then Lemma 2.3 gives that ker($) = II 7g r(J[z] + (z k ~<)). Let 
lg denote the vector with 1 in its (5-coordinate and zeros in all other places. If 
P G Mo(X), then zl^P G ker(<I>) implies that zpg~ ( (z) G J[z] + (z k ~<), whence 
P G Af {X) follows. If P G JVo(X) and f = (/ 7 (z)) 7er is in (R[z]) r , then zp Sn (z) G 
J[z] + (z k -<) implies that zfg(z)pg tl (z) G J[z] + (z k -<) for all 6 G T. Thus zfP G ker($) 
and P G Ai (I) follows. □ 

3. 2. Lemma. kcr(A) CMq(X) andforPe M(X) the containments P G Mo{X) and 
A(P) G Ceno(v?) are equivalent. The preimage M.q(X) = A _1 (Ceno(i£)) <iAi(X)isanideal. 

Proof. The proof is based on the use of Lemma 2.3 and Theorem 2.5. 
If P G kcr(A), then A(P) = Vp = gives that $(fP) = ipp($(f)) = for all 
f G (R[z]) r . Since $ : n 7er i?[z] -> M is a left i?[z]-homomorphism, $(zfP) = 
z * $(fP) = implies that zfP G kcr(<f>). In view of kcr(A) C M(X), we deduce 
that P G Mq(X). 

If P G M (X), then A(P) = Vp and ^ P ($(f))) = <p($(fP)) = $(zfP) = for 
all f G (i?[z]) r . Thus ipp o ip — p o ip P — and hence ip-p G Cen (</?). 
If A(P) = ip-p is in Cen ((^), then o ^ P = and 

$(zfP) = p(*(fP)) = ¥# P ($(f))) = 

for all f G (i?[z]) r . It follows that P G M (X). 

Obviously, the preimage of the ideal Cen (<p) < Cen(ip) is also an ideal. □ 

3. 3. Theorem. Let (p G Endfl(M) be a nilpotent R-endomorphism of a finitely gen- 
erated semisimple left R-module rM . The map A : Ai(X) op — > Ccn(ip) induces 
the following Z(R)-isomorphisms for the factor algebras: 

M (A:) op /kcr(A) S Ccn (</?) and M(X) op /M (X) S Cen(<^)/Cen (^). 

Proof. We have ker(A f M {X)) = ker(A) and M {X) = A- 1 (Cen (^)) by 
Lemma 3.2. Thus Theorem 2.5 ensures that the restricted map A \ Mo(X) 
is a surjective Aio(X)° p — > Ceno(y) homomorphism of Z(i?)-algebras, whence 
M (X) op / kci(A) = Ccn O) follows. 
In view of Lemma 3.2, the assignment 

P + M (X) .— > A(P) + CenoM 

is well-defined and gives an injective M(X) op / M. (X) — > Cen(^)/Cen ((p) homo- 
morphism of Z(i?)-algcbras. The surjectivity of this homomorphism is a conse- 
quence of the surjectivity of A (see Theorem 2.5). □ 

3. 4. Theorem. Let ip G Endij(M) be a nilpotent R-endomorphism of a finitely 
generated semisimple left R-module rM. If R is a local ring, then the zero-level 
centralizer Cen (v3) of <p> is isomorphic to the opposite of the factor Afo(X)/X(X) 
as a Z(R)- algebra: 

Cen (^) - (Af (X)/l(X)r =Af (xr P /l(X). 

We also have an isomorphism 

Cen(^)/CenoM = {M{X)/M {X))°» = M{X) op /M {X) 
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of the factor Z(R)- algebras. 

Proof. Directly follows from Lemmas 2.4, 2.6, 3.1 and Theorem 3.3. □ 

Define a left ideal of M m (R/J) as follows: 

W(X) = {W = [w s ,j] | w Sn G R/J and w Sn = if fc 7 > 2}. 
The assumption fci > k<i > • • • > k m > 1 ensures that 

••• i?/J ••• i?/J 

'•• i?/J ••• R/J 



W(X) = 







R/J 



i?/J 



i?/J 



R/J _ 



3. 5. Lemma. (7V (X) n zM m (R[z})) +1(X) < Mq{X) is an ideal and there is a 
natural ring isomorphism 

N (X)/((N {X) DzM m (R[z})) +X(X)) = W(X) 

which is an (R, R)-bimodule isomorphism at the same time. 

Proof. If P = [p$ n (z)\ is in Mq{X) and Ps,-y{z) has constant term u$ n e R 1 then 

PsM z ) - "5, 7 G ( J{z] + (z^- 1 )) n [zR[z]) 
and fc 7 > 2 implies that u d - i7 G J. Thus [w,5 j7 ] G M m (R) njVo(I) and 

P + ((Afo(X) n zM m (R[z]))+l(X)) = [u StJ ] + ((Afo(X) n zM m (i?[z])) +1(1)) 
holds in Af (X)/((Af (X) n zM ro (fi[z])) +1(1)). The assignment 
P + ((7V (X) n zM m (U[ Z ])) +X(X)) .— > [«« i7 + J] 
is well-defined and gives an 

N {X)/{(N {X) DzM m (R{z})) +I(X)) — ► 
isomorphism. □ 

3. 6. Theorem. Let R be a local ring and (p G End^(M) be a nilpotent R-endomorphism 
of a finitely generated semisimple leftR-module rM. Iffi(x\,. . ., x r ) GZ(i?)(xi,. . ., x r ), 
1 < « < n and fi=0 are polynomial identities of the right ideal W(X) of M^(R/ J), 
then /1/2 • • • ,fn = is an identity of Ceno(<y2). 

Proof. Theorem 3.4 ensures that Cen (^) = Af (X)°P /1(X) as Z(i?)-algebras, 
hence 

Q = ((M,P0 n zU m {R[z]))+i{x)) /i(x) < Af {xyx(X) 

can be viewed as an ideal of Ceno(^). The use of Lemma 3.5 gives 
Cen (^)/Q-(A/'o(X)°7Z(X))/Q~A/^ 

It follows that fi — is an identity of Cen (^)/<2. Thus fi(vi, . . . ,v r ) G Q for all 
ui, . . . , v r G Ceno(^), and so 

/1 (v- L ,...,v r )f 2 {v 1 ,...,v r ) ■■■fn(vi, ...,v r ) G Q". 
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Since (zM m (R[z])) n C T(X) (see Lemma 2.4) implies that Q n — {0}, the proof is 
complete. □ 

The assumption k\ > k 2 > ■ ■ ■ > k m > 1 ensures that 

U {X) = {U £ M m (R/J) | U = [u s ,*,] and u &n = if 1 < k s < fc 7 or k*, = 1}. 

is a block upper triangular subalgebra of M m (R/J). If [us,*/] £ and u,5 j7 ^ 

for some S, 7 G T, then 2 < k y < k$. Results about the polynomial identities of 
block upper triangular matrix algebras can be found in [GiZ]. 

3. 7. Lemma. There is a natural ring isomorphism 

Af(X)/((Af(X)nzM m (R[z]))+Af (X))=Uo(X) 
which is an (R, R)-bimodule isomorphism at the same time. 

Proof. For a matrix P = [ps n {z)\ in Af(X) consider the assignment 

P + ((Af(X) n zM m (R[z]))+Af (X)) .— ► [us,*, + J], 

where us n £ R is defined as follows: us n = if k~ f = 1 and us,*/ is the constant 
term of p& n {z) if k 7 > 2. Clearly, [us,*/] £ M m (i?) n A/"(X) and 

P + ((A/"(X) n «M ro (i2[«])) +Af (X)) = [« 4i7 ] + ((AT(X) n zM m (R[z])) + M (X)). 

In view of the definitions of Afo(X) and Uo(X), the above equality ensures that our 
assignment is a well-defined 

M(X)/{{N(X) n zM m (R{z}j)+M (X j) — ► W (X) 

map providing the required isomomorphism. □ 

3.8. Theorem. Let R be a local ring and ip £ End^(M) be anilpotent R-endomorphism 
of a finitely generated semisimple left R-module rM. If fi(xi,. . .,x r )£ Z(R)(x\,. . .,x r ), 
l<i<n — l and fi = are polynomial identities of the Z{R)- subalgebra Uq{X) of 
M^(R/J), then f\f 2 • • • f n -i = is an identity of the factor Cen(ip)/Cen ((p). 

Proof. Theorem 3.4 ensures that Ccn(^)/Ccn (^) = J\f(X)°P/J\f {X) as Z(R)- 
algebras, hence 

L = ((Af(X) n zM m (R[z])) + AT (X)) /Af (X) < N{X)/N a {X) 
can be viewed as an ideal of Cen(</?)/Ceno(y). The use of Lemma 3.7 gives 
(Ccn(^)/Ccn (^))/i <* (M(X)°v /N (X))/L = 
S tf(X)<>»/((tf(X) n zM m (i?[z])) + A^opO) - %(X)°p. 
It follows that /j = is an identity of (Cen(<p)/Cen (<p))/L. Thus . . . , u r ) £ 

i for all ui,. . .,v r £ Cen((/?)/Cen ((/?), and so 

. • • , V r )f 2 (vi, . . . ,V r ) ■ ■ ■ f n -l(vi, ...,V r )£ L^ 1 . 

Since (zM m (i?[z]))™ _1 C A/" (A) (see Lemma 3.1) implies that i™" 1 = {0}, the 
proof is complete. □ 

4. THE ZERO-LEVEL CENTRALIZER OF AN ARBITRARY ENDOMORPHISM 

4.1. Theorem. Let ip £ End^(M) be an R-endomorphism of a finitely generated 
semisimple left R-module rM. Then there exist R-submodules W\ and W 2 of M 
such that W = Wi®W 2 is a direct product, kev(ip) C W , y(W) — W 2 , dim^(VFi) = 
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dinifl(ker(<^)), (ip \ W) e Endfl(VF) is nilpotent and for the zero-level centralizer 
of p we have Ceno(v?) — T, where 

T={9e Vnd R {W) | C kcr(^) and 0(W 2 ) = {0}} = Ccn (<^ \ W) 

is a left ideal of 

End* R (W) = {a e Endfl(VK) | a(ker(<^)) C kcr^)} 
and a right ideal of 

End£(W) = {ae End R (W) | a(Wi + ker(p)) C W x + kcr(y>) anda(W 2 ) C W 2 }. 

Proof. The Fitting Lemma ensures the existence of an integer t > 1 such that 
im(<p*) © ker(<^*) = M is a direct sum, where the (left) i?-submodules 

V = im(< / 9*) = im(p t+1 ) = • • • and W = ker(^) = ker(p t+1 ) = ■■■ 

of i{M are uniquely determined by ip. Clearly, p(V) — V and <p{W) C and the 
restricted map (<p f VF) S End#(VF) is nilpotent of index g > 1, where ker(p q ^ 1 ) 7^ 
ker(<^ 9 ) = VK. Since rW is also finitely generated and semisimple, Theorem 2.1 
provides a nilpotent Jordan normal base X = {x 1 , i | 7 e T, 1 < i < fc 7 } of 
with respect to <p \ W (we have x lt k +1 = and g = max{fc 7 | 7 e T}). Now 
W\ © W 2 = W is a direct sum, where 

Wi — © i?x 7 1 and W2 = © Rx~, i+ \ . 
7er ' 7 er,i<i<fe T 

Now we have ker(y>) C ker (</?') = W and ker(y>) = ker(p \ W) 

Theorem 2.2. It follows that 

dim fi (VKi) = |r| = dim fl (ker(<p)). 

The definition of the nilpotent Jordan normal base ensures that p(W) = W 2 . 
If 9 eT, then 

0(ker(v>)) C 0(Wi © W 2 ) = 6(Wi) + 6>(VK 2 ) C ker(p) 

implies that T is a left ideal of End^,(M / ) and a right ideal of End^*(T4 / ). Clearly, 
T = Ccn (^ f W) is a consequence of p(W) — W 2 and the fact that 9(W) C ker(tp) 
for all 6 eT. 

If a e Cen (</?), then a o p = implies that a(V) = {0} and a(a; 7j j + i) = 
a((p(x lt i)) = for 1 < i < fc 7 — 1. We also have poa = 0, whence (p(a(x 7 .i)) = 
and a(a; 7i i) e ker(</?) follow. Thus 0(^2) = {0}, a(Wi) C ker(</?) and the assign- 
ment a 1 — > a \ W obviously defines a Cen (p) — ► T ring homomorphism. 
If a, (3 e Ccno(^) and a \ W = [3 \ W, then a(V) = (3{V) = {0} and V © W = M 
ensure that a = /3 proving the injectivity of the above map. 

If 9 e T and nw ■ V © W — > W is the natural projection, then 9 o -k w £ Cen (p). 
Indeed, p o 9 o 7Tvk = is a consequence of 6'(T / l /r ) C ker(</j) and 9 o ttw p = 
is a consequence of p(W) = W2 and 9(W2) = {0}. Hence the surjectivity of our 
assignment follows from 9 o ir w \ W = 9. □ 

4. 2. Corollary. Let A e M n (K) be an n x n matrix over a field K, then the 
K -dimension of the zero-level centralizer of A in M n (K) is 

dim K Cen (^) = [dirn^ker^))] 2 . 



= © Rxjh by 
7 er 
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Proof. Now A G EndK (K n ) and Theorem 4.1 ensures that Ceno(A) = T, where 

T = {6 e End K (W) | 0{Wi) C kcr(A) and 6>(W 2 ) = {0}}. 

Our claim follows from the observation that the elements of T and Hom^(W / i , ker(A)) 
can be naturally identified and dim K {Wi) = A\uv K {ker{A)). □ 

Remark. Theorem 4.1 shows that the determination of the zero- level centralizer 
can be reduced to the nilpotent case. This reduction depends on the use of the 
Fitting Lemma. 

4. 3. Lemma. Let tp, a G Endfl(M) be R-endomorphisms of a finitely generated 
semisimple left R-module rM. If Cen (^) C Cen (a), then kcr(p) C ker(cr). 

Proof. We use the proof of Theorem 4.1. If 7 G T and 7r 7 G End R (M) denotes the 
natural 

M = V®W = V®{ 8 Rxs.i] — >Rx~u 
\serA<i<k s ' / 

projection, then njop^' 1 g Ceno((/j). It follows that TT~ f op k -'^ 1 g Ceno(cr), whence 
we obtain that a o 7r 7 o tp k ~t~ x = 0. Since a(x 7 ,k y ) = °~('x-y{ i P k ' 1 ~ 1 ( x -y,k 1 ))) = 0, we 
have x 1 ,],_ f G ker(cr) for all 7 G T. Thus 

ker(</?) = kcr(</? \ W) = ® Rx 7 . ky C ker(<r). □ 
For a matrix A G M„(/T) let A T denote the transpose of A. 

4. 4. Theorem. // A, B G M n (K) are n x n matrices over a field K, then the 
following are equivalent: 

1. Cen (A) C Cen (B) 

2. ker(A) C ker(B) and kcr(A T ) C kcr(B T ). 

Proof. (1) (2): For a matrix C G Ccn (^ T ) we have CA T = A T C = and 
C T G Ceno(^4) is a consequence of 

AC T = (A T ) T C T = {CA T ) T = = (A T C) T = C T (A T ) T = C T A. 

Thus C T G Cen (-B) and a similar argument gives that C — (C T ) T G Cen (£? T ). It 
follows that Cen (A T ) C Cen (£? T ). The application of Lemma 4.3 for the matrices 
A,B,A T ,B T G End K (K n ) gives ker(A) C kcr(B) and kcr(A T ) C kcr(B T ). 
(2) ==> (1): For a matrix C G Ceno(^4) the containment im(C) C ker(A) is a 
consequence of AC = and im(C T ) C ker(A T ) is a consequence of A T C T = 
(CA) T = 0. Now im(C) C ker(B) implies that BC = and im(C T ) C ker(B T ) 
implies that CB = {B T C T ) T = 0. Thus C G Cen (B) and Cen (^) C Cen (B) 
follows. □ 
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